Abstract. In this note, we present the Kustaanheimo-Stiefel regularization in a symplectic and quaternionic fashion. The bilinear relation [1] is associated with the moment map of the S 1 -action of the KustaanheimoStiefel transformation, which yields a concise proof of the symplecticity of the Kustaanheimo-Stiefel transformation symplectically reduced by this circle action. The relation between the Kustaanheimo-Stiefel regularization and the Levi-Civita regularization is established via the investigation of the Levi-Civita planes. A set of Darboux coordinates (which we call Chenciner-Féjoz coordinates) is generalized from the planar case to the spatial case. Finally, we obtain a conjugacy relation between the integrable approximating dynamics of the lunar spatial three-body problem and its regularized counterpart, similar to the conjugacy relation between the extended averaged system and the averaged regularized system in the planar case.
formulations of this regularization method is presented in Waldvogel [5] . The underlying geometry was investigated in the book [1] by Stiefel and Scheifele. Its link with Moser's regularization was investigated in Kummer [6] .
In this note, following a formula in [7] , we present a quaternionic formulation of this regularization, which differs from the one in [5] , and investigate its underlying (symplectic) geometry. Denote by H the space of the quaternions. The bilinear relation introduced in [1] defines a 7-dimensional manifold Σ 1 in in Section 5. Finally, we investigate the relation between the quadrupolar and the quadrupolar regularized dynamics in Section 6.
Preliminaries on Quaternions
For a quaternion z = z 0 + z 1 i + z 2 j + z 3 k ∈ H R 4 , we denote by Re{z} its real part z 0 , and by Im{z} its imaginary part z 1 i + z 2 j + z 3 k. A quaternion of the form z 1 i + z 2 j + z 3 k (i.e. with vanishing real part) is called a purely imaginary quaternion, and can be naturally identified with the vector (z 1 , z 2 , z 3 ) in R 3 .
This identification enables us to speak of the inner ("·") and vector ("×") products of two purely imaginary quaternions. The conjugationz of z is defined byz = z 0 − z 1 i − z 2 j − z 3 k. The product of two quaternions is given by z · w = Re{z}Re{w} − Im{z} · Im{w} + Re{z}Im{w} + Re{w}Im{z} + Im{z} × Im{w}.
A quaternion-valued mapping H. Following A. Sudbery [10] , we define the wedge product φ H ∧ ψ H of two quaternion-valued 1-forms φ H , ψ H (which results in a quaternion-valued differential 2-form) as:
In this note, we shall only deal with quaternion-valued 1-forms and their wedge products.
Due to the non-commutativity of the quaternion algebra, the exterior product of two quaternion-valued 1-forms is not anti-symmetric in general. In particular, the exterior product of a quaternion-valued 1-form with itself need not to be zero: we find dz ∧ dz = 2(dz 2 ∧ dz 3 )i + 2(dz 3 ∧ dz 1 ) j + 2(dz 1 ∧ dz 2 )k. 2 Nevertheless, it can be directly verified that the real part of the product of two quaternions is symmetric: it is independent of the order of the two quaternions involved. We thus define the inner product of two quaternions x, y to be
The inner product of two quaternionic 1-forms is defined similarly. The modulus √ z, z of a quaternion z is denoted by |z|.
With these notations, the canonical symplectic form on T * H can be written as
in which x ∈ H, y ∈ T *
x H H are the natural coordinates on the cotangent bundle T * H.
Rotations in R
3 IH := {z ∈ H : Re{z} = 0} can be represented by unit (i.e. of modulus 1) quaternions in the following way: Let ρ 1 be a purely imaginary quaternion and ρ = cos θ ρ 2 + Im{ρ} a unit quaternion, thenρρ 1 ρ is the purely imaginary quaternion rotated from ρ 1 with rotation angle θ ρ and rotation axis Im{ρ}. Unit quaternions form a group Spin(3) SU(2), which is diffeomorphic to S 3 . Since two unit quaternions ρ and −ρ define the same rotation, Spin(3) doubly covers SO(3). 
which is a fibration with fibres S z = {e iϑ z, ϑ ∈ R/2πZ}.
By identifying T * H with H × H (the fibres in T * H are identified with the second factor), we may consider BL(z, w) as a function on T * H. Define the 7-dimensional quadratic cone Σ by the equation
this is exactly the bilinear relation in [1] .
By standard symplectic reduction, the symplectic form Re{dw ∧ dz} determines a symplectic form ω 1 on the quotient V 0 of Σ 0 by its characteristic foliation, i.e. the foliation by the orbits of the free circle action (z, w) → (e iϑ z, e iϑ w) on Σ 0 . As a result, the quotient V 0 is a smooth manifold.
. This is a dense open subset of Σ 0 and it is invariant under the above circle action. Hence, by the same symplectic reduction procedure, we get an open dense symplectic submanifold (V 1 , ω 1 ) of (V 0 , ω 1 ).
Definition 3.2. The Kustaanheimo-Stiefel mapping is :
The fibers of this mapping are the circles S z,w = {(e iϑ z, e iϑ w), ϑ ∈ R/(2πZ)}. We call the angle ϑ the 
Proof. The relation BL(z, w) = 0 impliesz iw =wiz, which can be equivalently reformulated as
By differentiating the last equality, we obtain
Also, one checks directly that
Our aim is to calculate the expression
By the help of the relations deduced beforehand, we have
Proof. 
We know that all negative energy levels of T (P, Q) are orbitally conjugate to each other. For any f > 0, we change the time from t to τ satisfying Q dτ = dt on the negative energy surface {T + f = 0}.
In the new time variable τ, the flow on {T + f = 0} is given by the Hamiltonian Q (T + f ). We further assume that at τ = 0 the particle stays at the pericentre of the corresponding Keplerian ellipse. In the system with Hamiltonian Q (T + f ), we see that the velocities remain bounded at the limit Q = 0. Finally, we pull back the Hamiltonian
which is well defined on the whole T * H and in particular on the codimension-4 submanifold {z = 0} corresponding to the collisions of the Kepler problem. In particular, quotienting by the S 1 -action, it defines a regular system on V 0 . The zero-energy submanifold {K = 0} in V 0 is a compactification of the given Kepler (negative) energy manifold. It is obtained by adding "at infinity" a 2-dimensional (hence codimension-3) sphere corresponding to all possible oriented directions of collision. Let us now consider K(z, w) which gives the dynamics of four harmonic oscillators in (1, 1, 1, 1)-resonance in T * H. Let ω = 8µ 0 f . The Hamiltonian system defined by K(z, w) can be solved explicitly
Note that it is only on Σ 0 (defined by BL(z, w) = 0) that on its zero-energy hypersurface, the dynamics of K(z, w) extends the dynamics of the spatial Kepler problem that we intend to study. Being invariant by the additional symmetry associated with ϑ, the function K(z, w)| Σ 0 descends to a function (regular near the collisions) on V 0 . The space V 0 is called the regularized phase space.
This method of regularizing the collision of the spatial Kepler problem is called Kustaanheimo-Stiefel regularization. Let us sum up these discussions by a diagram:
The compactification of the energy surface of the spatial Kepler problem determined by K.S . is homeomorphic to
Proof. The zero-energy surface of
Its intersection with the quadratic cone Σ = {(z, w) : BL(z, w) = 0}, whose index is 4, is diffeomorphic to S 3 × S 3 . The group SO(2) acts diagonally on this intersection by
In order to calculate the quotient of S 3 × S 3 by this S 1 -action, we apply the diffeomorphism (x, y) →
The quotient of the first factor S 3 by the Hopf S 1 -action being diffeomorphic to S 2 , the quotient of S 3 × S 3 by the SO(2)-action is thus S 2 × S 3 .
3.3. Dynamics in the Physical Space. It is only on the regularized zero-energy level that the regularized dynamics extends the Kepler dynamics (after the time has been slowed down). Nevertheless, one has the following:
Lemma 3.2. For any regularized energyf satisfyingf > −µ 0 M 0 , the projections of the orbits of the regularized Kepler flow in the physical space are Keplerian ellipses.
Proof. The equation
By assumption µ 0 M 0 +f > 0. The flows of this Hamiltonian and T (P, Q) are thus the same up to time parametrization. Since the orbits of the Keplerian problem with negative energies are ellipses, the projections in the physical space of the orbits of the regularized Kepler flow are ellipses too.
We shall call these ellipses KS-ellipses, and call the Keplerian ellipses of 
Lemma 4.1. For any x, y ∈ H satisfying BL(x, y) = 0, we have
Proof. Since
that is |y| 2x ix + |x| 2ȳ iy =ȳxȳix +xyxiy, 2|y| 2x ix + 2|x| 2ȳ iy = 2(ȳx +xy)(xiy +ȳix), and thus |y| 2x ix + |x| 2ȳ iy = x, y (xiy +ȳix).
Remark 4.1. (A.Chenciner) The following more general equality holds:
Corollary 4.1. Suppose x and y are unit quaternions satisfying BL(x, y) = 0 and x, y = 0, then
• 1 2 (xiy +ȳix) =xiy is an unit quaternion and it is linearly independent ofxix = −ȳiy.
Proof. The first statement is a direct corollary of Lemma 4.1. It is thus clear that 1 2 (xiy +ȳix) =xiy is unit. Since x and y are linearly independent andxi is non-zero,xix andxiy are also linearly independent. On the other hand, we have Proposition 4.1. Any plane containing the origin in IH is exactly the image of a P 1 -family of Levi-Civita planes.
Proof. Let e 1 , e 2 be an orthogonal basis of a plane in IH. There exists a rotation sending i to e 1 , which determines a unit quaternion x such that e 1 =xix. The unit quaternion y = −ixe 2 thus satisfies e 2 =xiy. Since e 2 is purely imaginary,
Moreover, we have 0 = e 1 , e 2 = Re{ē 1 e 2 } = −Re{xixxiy} = Re{xy}, which means that the plane spanned by x and y is a Levi-Civita plane.
The family (e iϑ x, e iϑ y), ϑ ∈ R/2πZ corresponds to the same (e 1 , e 2 ). In such a family, (e iϑ x, e iϑ y) and (e iϑ+iπ x, e iϑ+iπ y) determine the same oriented Levi-Civita plane. Therefore for each oriented two-plane in IH passing through the origin, there exists a P 1 -family of oriented Levi-Civita planes in its pre-image.
The fibres of the Hopf map are S 1 -circles. Each circle intersects a Levi-Civita plane in 0 or 2 points. As a result, the pre-image of any plane in IH consists exactly in a P 1 -family of Levi-Civita planes.
Proposition 4.2. Given a Levi-Civita plane E, there exist identifications to C of E and of its image under the Hopf map, which make the restriction of Hop f become the mapping
Moreover, the restriction of K.S . to T * E becomes the L.C. mapping
.
The required identifications are thus l 1 ∼v a il 1 ∼ 1, l 2 ∼v b il 2 ∼ i.
Chenciner-Féjoz coordinates
5.1. Planar case. Let us first recall the construction of Chenciner-Féjoz coordinates built in [11] for the planar case, in which the double collision of the Kepler problem is regularized by Levi-Civita regularization. Let us restrict K.S . to one of the Levi-Civita planes, and identify this Levi-Civita plane and its image to C as above. The mapping L.C. can be expressed as
It is direct to verify that
The function
is now considered as defined on T * (C \ {0}). For f > 0, we change the time from t to τ as in Subsection 3.2 on the energy hypersurface
In the new time variable τ, the flow on this energy hypersurface is given by the Hamiltonian function Q (T (P, Q) + f ). The pull-back of Q (T (P,
which is the Hamiltonian of two harmonic oscillators in 1 : 1 resonance. As in [8] , we switch to the symplectic coordinates
We diagonalize the associated Hamiltonian vector field by posing
In (W , Z ) coordinates
and the symplectic form is transformed to i 2 (dW ∧ dW + dZ ∧ dZ ). We further switch to polar symplectic coordinates (r a , θ a , r b , θ b ) defined by (Z , W ) = ( 2r a e iθ a , 2r b e iθ b ).
In these coordinates,
In these coordinates, the Hamiltonian K is written as:
and the symplectic form is transformed into the form dL ∧ dδ + dG ∧ dγ. The translation by π in the definition of γ is due to the reason that one considers the argument of the pericentre of an ellipse rather than its apocentre. Started with a formula of [12] , the set of coordinates (L, δ, G, γ) was established and was called "Delaunaylike coordinates" in [8] . We shall call this set of coordinates planar Chenciner-Féjoz coordinates.
Spatial Case.
Following [11] , we define the diffeomorphism k f from V 0 to itself by the following formula:
so that the ellipse determined by (P, Q) in the physical space under the flow of the regularized Hamiltonian K(z, w) coincides with the ellipse determined by (P , Q) under T (P, Q). We note that in the above formula, (P, Q) do not determine (P , Q) uniquely since L is part of the Delaunay coordinates (defined below) of the corresponding KS-ellipses of the system K(z, w) with energyf , which corresponds to the modification of the masses byf (Lemma 3.2 and discussions below it). In particular, 2µ 0 f L = 1 only iff = 0. If we identify the space of spatial Keplerian ellipses of fixed semi major axis, possibly circular or degenerate (to a line segment), with S 2 × S 2 (see [13, Lecture 4] ), the mapping k f induces the identity from S 2 × S 2 to itself. Note, however, that the mass parameters for the source and the target not being necessarily the same, the symplectic forms on the source and target space do not necessarily agree, hence the identity mapping of S 2 × S 2 is not symplectic in general.
Let a, e, i be respectively the semi major axis length, the eccentricity and the inclination of an elliptic solution of the Kepler flow with Hamiltonian T (P, Q). In terms of the (symplectic) Delaunay coordinates (L, l, G, g, H, h), for which
1 − e 2 angular momentum g argument of pericentre H = G cos i vertical component of the angular momentum h longitude of the ascending node, and the diffeomorphism k f , we define as follows the Chenciner-Féjoz Coordinates, seen as coordinates on an open subsetṼ 1 of the regularized phase space V 0 determined by the conditions that the corresponding KS-ellipse is non-degenerate (in this case, even if l is replaced by u in this set of coordinates, the orbital plane is nevertheless not well-defined), non-circular and non-horizontal:
where u is the eccentric anomaly
This set of coordinates is a direct extension of the planar Chenciner-Féjoz coordinates to the spatial case. On the energy surface K(z, w) = 0, we have f = µ 
(except for the fast angle, which is the eccentric anomaly u in Chenciner-Féjoz coordinates and the mean anomaly l in Delaunay coordinates).
To obtain a simple proof of the symplecticity of the Chenciner-Féjoz coordinates, let us first prove the following "Rotation Lemma": Let R I 1 be the simultaneous rotation in each factor of R 3 × R 3 around the first axis with angle I, R h 3 be the simultaneous rotation in each factor of R 3 × R 3 around the third ("vertical") axis with angle h. Let x 2 , x 3 , y 1 , y 2 , y 3 ) .
Then
Lemma 5.1. (Rotation Lemma)
Proof. An elementary calculation leads to
As a first application of this lemma, we can now easily deduce the symplecticity of the spatial Delaunay coordinates (L, l, G, g, H, h) from that of the planar Delaunay coordinates (L, l, G, g): indeed, from the identity dy 1 ∧ dx 1 + dy 2 ∧ dx 2 = dL ∧ dl + dG ∧ dg, the rotation lemma, and the definition of H = x 1 y 2 − x 2 y 1 , one gets that Note that while Chenciner-Féjoz coordinates are very helpful due to their similarity with the Delaunay coordinates, they are not well-defined for collision-ejection Keplerian motions, since there is no welldefined "orbital plane" for a degenerate ellipse. 6 . Averaging and Regularization 6.1. Jacobi decomposition of the spatial three-body problem. The spatial three-body problem is a Hamiltonian system with phase space
and the Hamiltonian function
in which q 0 , q 1 , q 2 denote the positions of the three particles, and p 0 , p 1 , p 2 denote their conjugate momenta respectively. The Euclidean norm of a vector in R 3 is denoted by · . The gravitational constant has been set to 1. The Hamiltonian F is invariant under translations in positions. To reduce the system by this symmetry, we switch to the Jacobi coordinates (P i , Q i ), i = 0, 1, 2, defined as
where
Due to the symmetry, the Hamiltonian function is independent of Q 0 . We fix the first integral P 0 (conjugate to Q 0 ) at P 0 = 0 and reduce the translation symmetry of the system by eliminating Q 0 . In coordinates (P i , Q i ), i = 1, 2, the (reduced) Hamiltonian function F = F(P 1 , Q 1 , P 2 , Q 2 ) thus describes the motion of two fictitious particles. We further decompose the Hamiltonian F(P 1 , Q 1 , P 2 , Q 2 ) into two parts F = F Kep + F pert , where the Keplerian part F Kep and the perturbing part F pert are respectively
with (as in [14] )
We shall only be interested in the region of the phase space where F = F Kep +F pert is a small perturbation of a pair of Keplerian elliptic motions with non-intersecting orbits. We suppose that both orbits are noncircular and that the outer orbit does not degenerate to a line segment.
6.2. Regularized Hamiltonian. Kustaanheimo-Stiefel regularization can be directly applied to regularize the inner double collisions Q 1 = 0 of the system F.
On the fixed negative energy surface
we make use of the new time variable τ satisfying
In time τ, the corresponding motions of the particles are governed by the Hamiltonian Q 1 (F + f ) and lie inside its zero-energy level. From now on, we will call K.S . the mapping
and set
This regularized Hamiltonian is a function on Σ 0 × T * (R 3 \ {0}) and is decomposed as
where the regularized Keplerian part
describes the skew-product motion of the outer body moving on an Keplerian elliptic orbit, slowed-down by four "inner" harmonic oscillators in 1 : 1 : 1 : 1-resonance, and the regularized perturbing part is
Both terms extend analytically through the set {z = 0} corresponding to inner double collisions of F.
, which is the one we shall deal with in the sequel.
6.3. The quadrupolar system and its regularized counterpart. Due to the proper degeneracy of F Kep (all bounded orbits lie in invariant 2-tori, while F Kep has 6 degrees of freedom), to carry out perturbative studies of F Kep , we must study the secular system
in which l 1 , l 2 are the mean anomalies of the inner and outer ellipses respectively. F sec has 6 degrees of freedom and has the Keplerian T 2 and the rotational SO(3)-symmetry. In particular, it is not a priori integrable. Let a 1 , a 2 be the semi major axes of the inner and outer ellipses respectively, and α = a 1 a 2 . We are now considering the lunar case of the three-body problem, that is when α is sufficiently small. The function F pert is naturally an analytic function of a 1 , a 2 ,
. By the relation
. By expanding F sec in powers of α, we find
where, as noticed by Harrington [9] , the term
since it is independent of the outer argument of the perihelion g 2 . The dynamics of F quad is investigated in [15] , [16] .
By construction, F quad is not defined when the inner ellipse degenerates (the angle l 1 is not defined for a degenerate inner ellipse). Nevertheless, we notice that Proposition 6.1. (Appendix A) F quad extends analytically to degenerate inner ellipses.
As in [17] , the secular regularized system F sec is obtained analogously by averaging F pert over the fast angles δ 1 (the angle δ in the Chenciner-Féjoz coordinates adapted for the inner body) and [8] , the modification was made to keep the symplectic form and to have the angle l 2 to be proportional to the new time τ). We obtain from F sec the quadrupolar regularized system F quad by analogous expansion and truncation procedures. We aim to compare the (integrable) dynamics of F quad and F quad . Let us first extend the diffeomorphism k f defined in Subsection 5.2 (but keep the same notation) by only applying it to the inner body:
Proposition 6.2. The initial and secular regularized Hamiltonians satisfy:
Proof. This is a direct generalization of [8, Proposition 3.1] to the spatial case. Observing that dδ 1 ∧ dl 2 = dδ 1 ∧ dl 2 , we have
Since the map k f preserves the configuration coordinates (Q 1 , Q 2 ) and F pert = Q 1 F pert is only a function of the configuration variables, F pert = Q 1 F pert is invariant under k f . Moreover, δ 1 • k −1 f = u 1 , therefore
The last equality follows from the relation
which is a direct consequence of the Kepler equation.
In particular, we have that F quad = a 1 · F quad • k f . Since k f is not symplectic for the secular symplectic structures involved, the dynamics of F quad is not directly equivalent to that of F quad . Nevertheless, the following theorem gives a direct and simple link between them.
Theorem 6.1. For fixed masses m 0 , m 1 and m 2 , semi major axes a 1 and a 2 , energy − f <0, and angular momentum C, after full reduction by the SO(3)-symmetry and the Keplerian T 2 -action of the fast angles, there exists a fictitious value m 2 > 0 of the outer mass, such that up to a factor depending only on a 1 and the masses m 2 and m 2 , the system F quad is conjugated to F quad , provided that m 2 substitutes for m 2 in F quad .
Proof. We fix C vertical, so that by standard Jacobi's elimination of the nodes, (G 1 , γ 1 , G 2 , g 2 ) form a set of Darboux coordinates on the reduced source space of k f , and (G 1 , g 1 , G 2 , g 2 ) form a set of Darboux coordinates on the reduced target space of k f .
Let us consider the system F = F Kep + F pert = − µ < f.
Now as the mapping
We take the Laplace plane to be the reference plane for simplicity. In terms of (e 1 , g 1 , i 1 , e 2 , i 2 ) (for which let us restrict i i to the interval [0, π)), this function takes the form
